S1
File. Qualitative properties and stability of the interior equilibria of system (3). (13) and (14) hold, system (3) has three equilibria, the middle of which is a saddle but each of the others is either a node or a focus or of center type.
Theorem 1. (i) If condition
(ii) If condition (15) and (16) hold, system (3) has two equilibria, one of which is either a node, a focus or of center type while the other is degenerate. (iii) If and only if (18), or (13) and (17) hold, system (3) has a unique equilibrium, which is either degenerate if P = Q = 0 and −ω 2 2 /3 ∈ I 0 or a node, a focus or of center type otherwise.
and the trace and determinant of matrix J are given by
Obviously the sign of det(J) is the same as
It implies that the qualitative properties of E * are decided by tr(J) and F ′ (u * ). Namely, when E * is degenerate if and only if u * is a multiple root of F . When E * is non-degenerate, it is a stable node (or focus), an unstable node (or focus) and of center type if tr(J) < 0, = 0, > 0, respectively. By Fig. 1, Fig. 2, and Fig. 3 , when system (3) has three equilibria, the middle one is a saddle for F ′ (u * ) is negative there, but both of the others are either node, focus or of center type; when system (3) has two equilibria, one of which is degenerate but the other one is either a node, a focus or of center type because F ′ (u * ) ̸ = 0 there; when system (3) has a unique equilibrium, it is either a degenerate one if P = Q = 0 and ω2 3 ∈ I 0 or one of three states such as node, focus and center type because F ′ (u * ) > there.
